Abstract. The analogy between geometric optics and Hamiltonian mechanics is used to propose an experiment that simulates the beam propagation in a focusing magnetic lattice of a particle accelerator. A laser beam is reflected several times by a parabolic mirror and the resulting pattern is registered by a photo-camera. This experiment allows to illustrate some aspects of nonlinear beam transport in presence of nonlinearities and stochastic perturbations. The experimental results are discussed and compared with computer simulations.
INTRODUCTION
The geometric optics studies the light propagation in the limit of a small wave lengths and it is based on the Fermat's variational principle [1] δ b a n(x) ds = 0
where n(x) is the refraction index, s is the arc-length of the optical path and a, b two fixed points in the space. The Fermat's principle is analogous to the Maupertuis' variational principle for the particle dynamics in a potential V (x) [2] δ b a 2(E − V (x)) ds = 0 (2) where the constant E is the mechanical energy. In the case of discontinuous potentials or discontinuous refraction indexes, both the variational principles (1) and (2) imply the Snell's diffraction law and the usual reflection law at the border surfaces. According to the Hamiltonian formulation of Classical Mechanics, we can write the principle (2) in the form [3, 4] 
where p are the conjugated momenta of the coordinates x. In beam dynamics a charge relativistic particle is confined by using a magnetic field associated to the vector potential A = A z (x, y, z)ẑ whereẑ is the direction of the reference orbit [5, 6] . The vector potential A has a discontinuous dependence on the longitudinal coordinate z due to the structure of the magnetic lattice, but it is analytic in the transverse coordinates x, y. The normalized energy E/p 0 c is
where p 0 is the momentum of a particle along the reference orbit and e the electric charge [6] . According to the Maupertuis' principle (2), the transverse dynamics (betatronic motion) of a particle is described by the Hamiltonian
where z is the orbits parameter. The vector potential A can be written in the form
where k n (z) are the multipolar magnetic coefficients and are discontinuous functions of z [5] . The key magnetic structure that provides the linear transverse stability of the reference orbit is the FODO cell. The FODO cell is defined by one focusing k 2 < 0 and one defocusing k 2 > 0 quadrupole separated by two dipoles or two empty spaces [7] . In the real accelerators the dynamics in a FODO may be nonlinear due to multipolar errors in the dipoles or to multipolar magnets (i.e. sextupoles or octupoles) inserted in the lattice. In beam dynamics one can study the single particle dynamics by integrating the orbits of the Hamiltonian system (5) or one can consider the evolution of the phase space density ρ(p x , p y , x, y, z) that satisfies the Liouville equation
where [, ] is the Poisson bracket operator [2] . The single particle dynamics allows to study the long term dynamics aperture in hadron circular accelerators [8] whereas the Liuoville equation is useful in the nonlinear transport problem where collective effects are relevant In particular in high intensity beams we have a self-consistent Hamiltonian which depends on the distribution ρ itself (Poisson-Vlasov problem [9] ). Due to the periodic structure of the magnetic lattice (i.e. the Hamiltonian (5) is a periodic z-function of period L), it is usually convenient to introduce the Poincarè map at a fixed section z = z 0 of the phase space. The Poincarè map M is a 4-dimensional symplectic map with an elliptic fixed point corresponding to the reference orbit, whose linear eigenvalues define the phase advances [6] . The map M is used in the tracking simulations to compute the dynamics aperture and it allows to solve the Liouville equation according to the relation
where ρ 0 (p x , p y , x, y) is the initial phase space distribution and z n = z 0 + nL. In this paper we take advantage of the analogy between the beam dynamics and geometric optics [10, 6] to study the possibility of planning an optical experiment which performs analogical simulations. We show that using a parabolic mirror it is possible to construct periodic optical device which simulates a nonlinear dynamics analogous to the dynamics of a FODO lattice with multipolar effects. A laser beam is injected in the device and the luminosity at a transverse section is registered by a photo camera. In our experimental set up only a small number of periods can be detected so that our results are only related to the nonlinear transport problem. The unavoidable presence of dust particles and the roughness of mirror surfaces produce an emittance growth, a beam intensity loss and a halo formation that could simulate the effects of random perturbations or Coulomb collisions in beam dynamics [11, 12] . On the contrary we expect that the diffraction effects due to the finite wavelength are negligible. Finally we have compared the experimental results with the numerical solution of the Liouville equation (7).
AN OPTICAL FOCUSING CELL
In the thin lens approximation the effect of a focusing quadrupole is similar to a optical lens that focuses in the x-plane and defocuses in the y-plane. In a defocusing quadrupole the role of the x and y planes is exchanged. The composed effect of a focusing and a defocusing quadrupole separated by an empty space is a focusing dynamics in both planes [7] . An optical model of a FODO cell can be built by using two saddle parabolic mirrors separated by an empty space and rotated of 90 • one respect to the other. An optical beam injected in the system is reflected several times by the mirrors and each mirror defines a Poincarè section. The Poincarè map turns out to be a symplectic map with an elliptic fixed point and the nonlinear terms are given by a polynomial expansion around the fixed point. A Poincarè map with the same linear part can be obtained by using a single parabolic mirror in front of a flat mirror, if one chooses appropriately the mirror focus. This experimental set up is much less expensive than the previous one and it can equally describe the dynamics of a FODO cell in presence of nonlinear effects. Let
the equation of the parabolic mirror surface, a light ray that hits the mirror at the point (x, y) with a direction p, will be reflected at a new direction p ′ according to
wheren is the normal versor to the surface (9)
When (x 2 + y 2 ) ≪ 1 and (p 2 x + p 2 y ) ≪ 1 we apply the linear approximation and the map (10) reduces (12) so that the mirror focus is at a distance f = 1/4a along the optical axis. The map (10) introduces a nonlinear coupling between the x and y planes. Choosing the parabolic mirror as Poincarè section, the dynamics of the reflections sequence is described by a 2-degrees of freedom symplectic map which is the composition of the map (10) with the free propagation map
where l is the optical path length between two successive reflections. l depends both from the distance d between the mirrors and on the transverse coordinates x, y Laser Parabolic Mirror Mirror FIGURE 1. Scheme of the experimental device; the laser beam is injected by using a small hole of diameter 1.5 mm in the flat mirror and the spots due to successive reflections on the parabolic mirror are registered by a photo camera.
of the incident point. Due to the rotation symmetry, the Poincarè map has a first integral of motion [2] , but in generic cases the dynamics turns out to be not integrable.
In the linear approximation (12) l ≃ d and we can computed the phase advance α of the optical cell according to the equation cos
THE EXPERIMENT
The experimental device is built up by using a flat mirror in front of a concave parabolic mirror with the optical axis perpendicular to the plan of the first mirror. A small hole of diameter 1.5 mm in the flat mirror allows to inject a beam laser into the device, as showed in the apparatus scheme 1. We have used a He-Ne laser with wavelength 632.8 nm and a power of 15 mW. The beam section is 1 mm so that we do not expect relevant diffraction effects. The beam is injected in the experimental device on a horizontal plane at y = −4 mm. In the figure 2 we show a picture of the experimental set up. The beam is reflected several times by the mirrors and the light spots on the parabolic mirror are observed by a photo-camera(see fig.  2 ) using the specular images on the flat mirror, so that rotation versus is inverted in the experimental observations. The small dust particles, that are always present on the mirror surfaces, are able to scatter a part of the beam that is registered by the photo camera. Of course this phenomenon is at the origin of the beam energy losses that limit drastically the number of observable periods. In order to compensate this limitation one could increase the laser power or the sensitivity of the photo camera. In our experiment we have used a commercial (not sophisticated) photo-camera with a long exposition time that allows to detect ≃ 17 light spots in the experiment. We have used a parabolic mirror with a focus f at a distance ≃ 25 mm on the optical axis, that produces a phase advance > π/2 in the beam dynamics. This value is certainly unrealistic in accelerator physics where the phase advance are < π/2, but a smaller phase advance would have not allowed to observe nonlinear phenomena due to the limited number of experimental periods. However we remark that, in any case, the Poincarè map of the optical system is a symplectic map that can be viewed as the Poincarè map of a periodic magnetic lattice and we expect to observe analogous phenomena in both cases. The distance d between the mirrors is chosen in the interval 31 mm ≤ d ≤ 37 mm and the laser beam is injected in the experimental device with an inclination p x = −tg15 • p y = 0. Therefore we completely determine the initial spot at the parabolic mirror from the distance d. The mirrors distance d is defined on the axis of the parabolic mirror and turns out to be a crucial parameter for the beam dynamics since both the optical path length l in eq. (13) and position of the incident point (x, y) at the parabolic mirror in eq. (10) depend on d. If the inclination of the injected beam is kept constant, by increasing the distance d between the mirrors we increase automatically both the optical path length l (see eq. (13)) and the distance x 2 + y 2 . Changing the beam inclination at a fixed mirrors distance is more difficult from an experimental point of view, since it requires new alignments of the laser beam with the hole in the flat mirror. At a distance d ≃ 40 mm the observed light spots were very near to the border of the parabolic mirror whose diameter is 76 mm.
In the experiment the transverse momentum is not negligible with respect to its longitudinal component and the linear approximation (12) cannot be applied. Indeed according to the linear approximation, we expect a phase advance ≃ 5/9π but the measured phase advance at d = 31 mm is 4/5π that corresponds to a 5-order resonance in the phase space. This value is in agreement with the phase advance measured in the simulations by using the Poincarè map of the system. Due to the radial symmetry, when the dynamics is linear we expect to see elliptic spots that lie on an ellipse. But the nonlinear terms deform both the elliptic pattern and the initial beam section. The presence of dust and the roughness at the mirror surfaces introduce a beam intensity loss and a beam diffusion whereas the diffraction due to the finite wavelength is negligible. The beam energy dissipation may simulate the beam losses in a particle accelerator and the beam diffusion may have an analogy with the emittance growth due to stochastic perturbation or intrabeam scattering due to Coulomb interactions [11, 12] . At the present state of the experiment it is difficult to quantify these effects. 
EXPERIMENTAL RESULTS AND SIMULATIONS
Our aim is to study the nonlinear beam transport and the problem of the comparison between experimental results and theoretical simulations in order to point out analogous problems in beam physics. The experimental results turn out to be very sensitive to the initial condition that has to be measured with high accuracy. This sensitivity is due to the strong focusing effect of the parabolic lens. The first experiment is performed using a distance d = 31 mm between the mirrors that corresponds to a 5-th order resonance in the phase space and the results are reported in the fig. 3 left. The initial spot appears as the most shining spot in the right right part of the picture due to the reflection effect. In fig. 3 right, we also report the simulation results obtained by solving the Liouville equation (7) for a initial uniform circular distribution with a diameter of 1 mm without momentum dispersion. The periods number is limited to 20. The solution is computed by iterating a uniform grid according to the equation (cfr. eq. (8))
where z n is the longitudinal coordinate of the beam at the parabolic mirror after n reflections. In this way we can relate the points density in the simulations with the light intensity in the experimental measures. In order the compensate the effects of the photo-camera inclination with respect to the flat mirror plane (the inclination is ≃ 30
• , see fig. 2 ), a linear transformation has been applied to the simulations results for a better comparison with the experiment. This operation does not affect the spots relative position and the spots deformation and we have a very good agreement between theory and experiments. The experiment has been repeated by increasing the distance d of the mirrors keeping constant the initial beam inclination. In this way we both increase the phase advance and the nonlinear effects as discussed in the previous section. In the figures 4,5and 6 we compare the experimental results and the simulations at d = 33, 35, 37 mm. The spot corresponding to the initial condition is in the bottom right part of the figures. The change of the spots pattern is due to the increasing of the phase advance from 4π/5 towards π. We remark that even when we have only a qualitative agreement among the experiments and the simulations, it is possible to observe the same kind of deformation due to the nonlinearity of the dynamics in the corresponding spots. This is particularly clear in the last figure (fig. 6 ) where the nonlinear effects are the very strong and the beam is near the border of the parabolic mirror. However the experimental results contain much more dynamical information than the simulations due to the presence of perturbations not included in the geometric optics. In particular a beam halo is observed around the spots that could remind analogous effects due to space charge force in high intensity beams. Further studies are required to reproduce the details of the spots pattern.
CONCLUSIONS
We have performed an Hamiltonian dynamics experiment using a laser beam in the geometric optics approximation that has some analogies with the betatronic motion in particle accelerators. Only a limited numbers of periods (≃ 17) can be detected and, on our opinion, this number cannot be increased without using a more sophisticated and expensive experimental device. However the optical experiment performs the solution of the Liouville equation for a nonlinear Hamiltonian system for a given initial distribution. The light scattering at the mirror surfaces and the multiple reflections may have analogous effects of the beam losses and the intra-beam scattering due to Coulomb collisions. The comparison with simulations allows to study the relevance of the theoretical approximations and the effects of the perturbations on the experimental data. For these reasons we believe that this experiment has an methodological physical interest in simulating nonlinear phenomena. 6 . Left: experimental spots in the configuration space x, y observed by the photo-camera on the parabolic mirror; the distance between the mirror was 37 mm. The mirror border is visible on the right of the photo. Right: geometric optics simulation of the experiment; the axis unities are mm.
